The method of the active second harmonic suppression in resonators is investigated in this paper both analytically and numerically. The resonator is driven by a piston which vibrates with two frequencies. The first one agrees with an eigenfrequency and the second one is equal to the two times higher eigenfrequency. The phase shift of the second piston motion is 180 deg. It is known that for this case it is possible to describe generation of the higher harmonics by means of the inhomogeneous Burgers equation. This model equation was solved for stationary state analytically by a number of authors but only for ideal fluids. Unlike their solutions, new asymptotic solutions are presented here which take into account dissipative effects. The asymptotic solutions are compared with numerical ones. For study of generation higher harmonics the solutions are developed in a spectral form.
I. INTRODUCTION
Nowadays, we can observe the renewed interest in nonlinear standing waves. Theoretical and experimental studies have been made during the last decade. Scientific interest is stimulated by the possibility to accumulate acoustic energy in resonant cavities. However, the use of nonlinear standing waves is limited by the nonlinear attenuation that causes the acoustic saturation effects. The important characteristic of the resonators is the quality factor Q that shows how many times the amplitude of the steady-state wave is higher than the amplitude of vibration of the exciting piston. The Q factor depends on the amplitude of the vibrating piston due to the nonlinear attenuation. The nonlinear attenuation is connected with nonlinear acoustic wave interactions when we can observe generation of higher harmonics. As the thermoviscous attenuation is proportional to the square of frequency, it is possible to decrease the nonlinear attenuation by suppression of the wave cascade processes. It means that the energy transfer from the fundamental harmonic into higher ones is reduced, and for this reason the acoustic saturation effects are also suppressed. The suppression of acoustic saturation causes both the amplitude of the steady-state wave and the Q factor to increase. The higher Q factor means that more acoustic energy is accumulated in the resonators. The resonators of the high-Q factor are used for thermoacoustic engines, acoustic compressors, chemical disintegrating devices, etc. ͑see, e.g., Ref. 1͒ .
There is quite a large number of methods enabling suppression of the nonlinear attenuation and thus an increase in the quality factor of the given resonator. One of the methods is called macrosonic resonance synthesis ͑see Refs. 2-5͒, which uses resonators of variable diameters. These resonators have eigenfrequencies which are nonequidistant, that is, the higher eigenfrequencies are not integer multiples of the fundamental one. If the source frequency is equal to the fundametal eigenfrequency of the resonator, then the generated higher harmonics does not coincide with the higher eigenfrequencies. It means that the resonator eigenfrequencies interact with higher harmonics ineffectively, and thus the harmonics does not achieve levels like we can observe for the resonators with a constant diameter.
When we want to control generation of higher harmonics, it is possible to place a selective absorber directly into the resonator. If the selective absorber is used for the second harmonic we can interrupt the cascade processes, see, e.g., Refs. 6 and 7.
It is known ͑e.g., Ref. 8͒ that the nonlinear attenuation due to the higher harmonics may be avoided by introducing phase-speed dispersion as well. This fact was utilized by Sugimoto in Ref. 9 . In this work he used a periodic array of Helmholtz resonators to obtain the artificial dispersion.
Another promising method is based on the active suppression of the second harmonic component of the acoustic wave. [10] [11] [12] For this purpose it is necessary to employ the piston which vibrates with two frequencies. The first one agrees with an eigenfrequency f and the second one is equal to the eigenfrequency 2 f . The phase shift of the second piston motion is 180 deg.
Many studies are only dedicated to the description of behavior of nonlinear standing waves in resonators without stressing suppression of the nonlinear attenuation; see Refs. [13] [14] [15] [16] [17] [18] . Wave processes in the resonators were studied experimentally in Refs. 19 and 20. This paper deals with the method of the active second harmonic suppression mentioned above both analytically and numerically. It is known that for this case it is possible to describe generation of the higher harmonics by means of the inhomogeneous Burgers equation. The resonator is driven by a piston whose motion is characterized by two superposed sinusoidal motions. This problem was treated for stationary state in Refs. 11 and 12. However, the authors of these papers took into account only inviscid solutions. It means that discontinuities were contained in their solutions. Unlike these solutions, we present new asymptotic solutions which take into account dissipative effects. Some of the solutions are also presented in the spectral form that is more suitable for study of generation higher harmonics in the resonators. The asymptotic solutions are compared with numerical ones. In this resonator we can imagine the sound field as a superposition of simple waves propagating in opposite directions which are assumed not to interact in the volume of the resonator, and they are coupled only by the conditions on the walls of resonator; see Ref. 11 . The next possible simplification is when we neglect the fact that the driving piston is moving and thus the position of the boundary of the resonator is unvarying with the time. This assumption is acceptable for very small amplitude of driving piston. With the abovementioned suppositions, we can find the solution of this equation in the following form:
II. ASYMPTOTIC SOLUTION OF THE MODEL EQUATION
ϭ ͫ ϩ ͩ x,t, ϩ ϭtϪ x c 0 ͪ Ϫ Ϫ ͩ x,t, Ϫ ϭtϩ x c 0 ͪͬ ,
͑2͒
where is a small parameter.
Substituting the expression ͑2͒ into Eq. ͑1͒ and neglecting the terms of the order three and higher, and supposing that counterpropagating waves do not interact we can get, likewise Ref. 15 , the following two equations:
We can write for an acoustic velocity
where v ϩ and v Ϫ are solutions of Eqs. ͑3͒ and ͑4͒.
The length of the resonator of a constant diameter is labeled by L. It is valid for angular eigenfrequencies n that
In the case that we consider the harmonic excitation of the standing waves with the piston at the position xϭL, we can express the boundary and initial conditions as follows:
and
where v m1 and v m2 are acoustic velocity amplitudes of the piston and is a phase shift. We assume that a piston vibrates with the angular frequency , which is equal to the (2nϩ1)-th eigenfrequency of the given resonator; it means that ϭ 2nϩ1 . This assumption causes higher harmonic components of an acoustic velocity to be in coincidence with eigenfrequencies. Equations ͑3͒ and ͑4͒ together with conditions ͑7͒, ͑8͒, and ͑9͒ can be solved by the method of successive approximation; see Ref. 15 . On the basis of this method we obtain these model equations:
represent the inhomogeneous Burgers equation, where
Substituting from Eqs. ͑11͒ to Eq. ͑5͒, we obtain
͑12͒
It is more suitable to express Eqs. ͑10͒ in the dimensionless form
where
Equations ͑13͒ have the same form for both counterpropagating waves, and consequently we can rewrite them for clarity as
Supposing the stationary state (‫ץ‬V/‫ץ‬sϭ0) and using the Cole-Hopf transformation ͑see, e.g., Refs. 8, 22͒
we obtain the following linear differential equation from Eq. ͑15͒:
where the comma represents the derivative with respect to y. 
Comparing coefficients ⌫ 2 we get the equation
͑23͒
We can arrange Eq. ͑23͒ into the form
It is reasonable to find a value ␣ making g(y) periodic. This leads to
Then, we can write
͑26͒
According to Ref. 11, we assume ϭ. Then, Eq. ͑26͒ can be written as
͑27͒
Solving Eq. ͑27͒, we have
͑28͒
where A Ϯ are the integration constants which are equal to 0 for generation of standing waves in a resonance. Now, comparing coefficients ⌫ in Eq. ͑22͒ we get the equation
͑29͒
After arranging, Eq. ͑29͒ becomes
⌿gЉϩ2gЈ⌿Јϩ␤⌿ϭ0. ͑30͒
The first and second derivative of the formula ͑28͒ take the following form:
When p→0 Eq. ͑17͒ degenerates to the Mathieu's equation, which has the standard form for f (z) ͑see, e.g., Ref. 25͒
For p→0 we can simplify Eqs. ͑28͒, ͑31͒, and ͑32͒
͑36͒
Substituting ͑35͒ and ͑36͒ into ͑30͒, we get
Solving this equation we have
where C ϩ and C Ϫ are integrating constants. We can arrange Eq. ͑38͒ in this form
where ␤ϭ1/2; see, e.g., Ref. 25 . Substituting formulas ͑39͒, ͑40͒, and ͑34͒ into Eq. ͑20͒, we obtain
Writing Ϫy for y in Eq. ͑42͒ gives ͑41͒, and vice versa. We can write the solution as
͑43͒
Bearing in mind the interchangeability of Eq. ͑41͒ ͓Eq. ͑42͒ as mentioned above͔, we choose C ϩ ϭC Ϫ ϭC/&. As the solution has to lead to the even Mathieu function ce 0 ͑see, e.g., Refs. 16 and 25͒, we can write
for the open interval ϪϽyϽ.
Assuming that p→ϱ we can continue likewise for p →0. For this case Eq. ͑17͒ degenerates to the Mathieu's equation again. It is possible to simplify Eqs. ͑31͒ and ͑32͒
Putting Eqs. ͑45͒ and ͑46͒ into Eq. ͑30͒, we get this equation
Solving Eq. ͑47͒, we obtain
where K Ϯ are integrating constants. Using the following equalities:
sin͑ y ͒ϭcos͑ yϪ/2͒, ͑49͒
cos͑ y ͒ϭϪsin͑ yϪ/2͒, ͑50͒
we can express Eq. ͑48͒ as
.
͑51͒
Comparing the expression ͑51͒ with the expression ͑38͒ we can see that ␤ϭͱ2p/2. Substituting formulas ͑28͒ and ͑48͒ into Eq. ͑20͒, we get for the open interval ϪϽyϽ
Using the expression ͑16͒, we can write
͑55͒
Reminding that ⌫ӷ1 we can simplify the solution ͑54͒
͑56͒
for the closed interval Ϫрyр. We can dare this simplification because the functions ⌿ Ϯ behave ''sensibly'' for p→0 and p→ϱ. Below we can see how it is possible to generalize the ''sensible'' behavior of the functions ⌿ Ϯ for all pу0.
The solution ͑56͒ represents the approximation solution of the inhomogeneous Burgers equation ͑15͒. This can be reduced to the known solutions when we take into account the following two cases:
When ⌫ tends to infinity ͑an ideal fluid͒ we get from Eq. ͑56͒ 
‫ץ‬V ‫ץ‬s
When p is very large the second term in the argument of the hyperbolic tangent of the solution ͑56͒ is insignificant in comparison with the first term, and then we can simplify the solution ͑56͒ to the form
As p is not very large, both terms in the argument of the hyperbolic tangent of the solution ͑56͒ are comparable; thus, we can simplify the solution ͑56͒
When p is very large we can reduce the solution ͑62͒ to V͑ y ͒Ӎͱ2 p sin͑ y ͒. ͑63͒
We can express the solution ͑62͒ by means of the Fourier series
͑65͒
When y(Ϫ;), where is small, it is possible to put sin(y/2)Ӎy/2. Then, we can replace the integrated function ͑62͒ for pՇ0.5 as
͑66͒
After replacing the integrated function with ͑66͒ in Eq. ͑65͒ and differentiating with respect to ⌫, we obtain
For pՇ0.5 and ⌫ӷ1 we can simplify the argument of the hyperbolic cosine in Eq. ͑67͒
As the integrated function in Eq. ͑68͒ has significant values only in the interval 0рyр, we can replace the upper limit by ϱ
Further, we can arrange the numerator of the integrated function in Eq. ͑69͒ as
͑70͒
After integrating, we have
͑72͒
When ⌫→ϱ ͑ideal fluid͒, we obtain from ͑72͒ this expression:
When pϭ0, then Eq. ͑73͒ takes the form
With the help of expressions ͑12͒ and ͑64͒, we can write 
III. COMPARISON OF ASYMPTOTIC AND NUMERICAL SOLUTIONS
In this section we deal with comparison between the asymptotic ͑analytic͒ and numerical solutions of the inhomogeneous Burgers equation for stationary wave state. The accuracy of the asymptotic solutions is investigated below for various values of parameters ⌫ and p. The inhomogeneous Burgers equation was solved by means of the standard Runge-Kutta method of the fourth order in the frequency domain ͑the first 100 harmonics was used͒. The numerical oscillations were damped by
where H is the frequency damping coefficient. Each harmonic was multiplied by the coefficient ⌶ n . It causes the additional artificial attenuation of the solution. The value of H was chosen so that the numerical oscillations practically did not arise. No damping was used for ⌫ϭ20.
The comparisons of the asymptotic solution ͑62͒ and numerical one are shown in Figs. 1-6 . The first set of figures is for ⌫ϭ20 and for p equal to 0, 1 and 25, whereas the second set of figures is for ⌫ϭ50 and for the same values of the parameter p. We can observe that both solutions are in good agreement; however, the results for ⌫ϭ20 are slightly worse than for ⌫ϭ50, which is correspondence with the theoretical assumptions. In Figs. 4 -6 it is difficult to distinguish the waveform of the asymptotic and numerical solution. In order to demonstrate the contribution of the new asymptotic solution ͑62͒, we compare values of harmonics for various parameters ⌫ in Fig. 7 . For this reason we used the formula ͑72͒ with pϭ0. On the basis of this figure it is obvious that the higher harmonics differs significantly for smaller parameters ⌫. Consequently, it is necessary to use, for smaller values of ⌫, the asymptotic solution ͑62͒. To illustrate the validity of the spectral solution ͑72͒, we present Fig. 8 . Here, we compare three waveforms. The waveform labeled by 1 represents the asymptotic solution ͑62͒ for pϭ0.5 and ⌫ ϭ50, whereas the waveforms 2 and 3 are obtained from its spectral form ͑72͒ for pϭ0 and pϭ0.5. We can see that the presented limitation pՇ0.5 enables us to get acceptable results. The waveform of ͑62͒ for pϭ0 is not depicted here because differences are not observable. The comparison between asymptotic solutions ͑56͒ and ͑62͒ is not presented here. These solutions differ significantly only for small values of ⌫ which do not satisfy the theoretical assumption ⌫ ӷ1. In spite of this fact we can say that the asymptotic solution ͑56͒ is slightly better for ⌫Ͼ1 than the solution ͑62͒, but on the other hand this solution is more complicated.
IV. CONCLUSION
The inhomogeneous Burgers equation is used for description of nonlinear standing waves in resonators of a constant diameter which are driven by a piston whose motions are characterized by two superposed sinusoidal motions. The frequency of the first motion f is equal to the resonator eigenfrequency, and the frequency of the second one is 2 f and its phase shift is 180 deg. New asymptotic solutions of the inhomogeneous Burgers equation for stationary state regime are shown in this work. Their spectral forms are presented as well. Validity of the asymptotic solutions is verified by comparisons with numerical ones. On the basis of these comparisons it is evident that the asymptotic solutions ͑62͒ gives very good results for all pу0 when ⌫ is sufficiently large. This solution reduces to the known solutions when ⌫ →ϱ and p 0, ⌫→ϱ and pϭ0, or ⌫ӷ1 and pϭ0. The asymptotic solution ͑56͒ is slightly better than ͑62͒ for smaller values of ⌫, but on the other hand this solution is more complicated. The spectral form ͑72͒ of the solution ͑62͒ enables us to obtain good results when pՇ0.5 is satisfied. For pϭ0 the spectral form agrees with the solution ͑58͒ excellently.
The comparison between the solution for thermoviscous fluids ͑62͒ and the solutions for ideal fluids ͑57͒ illustrates that the latter fails for comparatively small values of ⌫ ͑20-50͒. 
